Abstract. This note investigates the possibility of converses of the Weyl theorems that two conformally related metrics on a manifold have the same Weyl conformal tensor and that two projectively related connections on a manifold have the same Weyl projective tensor. It shows that, in all relevant cases, counterexamples to each of Weyl's theorems exist except for his conformal theorem in the 4-dimensional, positive definite case, where the converse actually holds. This (conformal) 4-dimensional problem is then solved completely for the other possible signatures.
Introduction
Let M denote a (smooth, connected, Hausdorff) manifold of dimension n admitting a (smooth) metric g of arbitrary signature whose Levi-Civita connection is denoted ∇. The curvature tensor from ∇ is denoted Riem with components R a bcd , its associated Ricci tensor is denoted Ricc with components R ab ≡ R c acb and the Ricci scalar is R ≡ R ab g ab . For n 3, the Weyl conformal tensor associated with g and ∇ is the type (1, 3) tensor denoted by C with components C a bcd given by If n = 3, C is identically zero on M whilst if n 4, Weyl [2] showed that if g ′ is another metric on M conformally related to g (so that g ′ = φg for some nowhere zero function φ : M → R) with Levi-Civita connection ∇ ′ , the Weyl tensor C ′ associated with g ′ and ∇ ′ equals C. If n = 2, C is not defined and W is identically zero on M and for n 3 Weyl [2] showed that if g ′ is another metric of arbitrary 2010 Mathematics Subject Classification: 53A20, 53A30, 53C50.
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signature on M then, with the above notation, if ∇ and ∇ ′ are projectively related (that is, the unparameterized geodesics of ∇ and ∇ ′ coincide) the projective tensors W ′ and W are equal. The purpose of this paper is to investigate the possibility of converses to these theorems of Weyl. It will be seen that there is no general converse to either theorem but that one exists for the conformal theorem when n = 4 and g is of positive definite signature. The situation in the conformal case when n = 4 and g is of either Lorentz signature (−, +, +, +) or neutral signature (+, +, −, −) will also be fully described.
Throughout, T m M will denote the tangent space to M at m ∈ M and Λ m M the collection of all 2-forms (bivectors) at m. An abuse of notation will be permitted which, because of the existence of a metric, makes no distinction between the tensor types (0, 2), (1, 1) (2, 0) for members of Λ m M . (Only metric connections will be considered here.) If F ∈ Λ m M , F has even (matrix) rank and, in the case when dimM = 4, if the rank of F equals 2, F is called simple and if its rank is 4, it is called non-simple. If F is simple, it may be written in component form as F ab = p a q b − q a p b for p, q ∈ T m M and the 2-dimensional subspace (2-space) of T m M spanned by p and q is unique and called the blade of F . Sometimes F (or its blade) is denoted simply p ∧ q.
The Weyl Conformal Theorem in the Lorentz Signature Case
Regarding a possible converse to the Weyl conformal theorem one asks the following question (in the notation of section 1 and which removes the obvious barrier to such a converse if either n = 3 or if n 4 and C vanishes over some nonempty open subset of M ). Suppose n 4 and C and C ′ are equal and nowhere-zero on some open, dense subset of M (and hence equal on M ). Are g and g ′ conformally related on M ? It was shown in [5] that the answer is negative if n 5 or if n = 4 and g (or g ′ ) is of Lorentz or neutral signature, but that the answer is positive if n = 4 and g (or g ′ ) has positive definite signature. [It is noted here that in the work of [5] use was made of product metrics and the conditions under which the Weyl tensor "products" in a well defined sense. In the appendix of that paper, some confusion is unfortunately introduced but which is easily corrected and does not affect the rest of that paper.] Henceforth attention will be concentrated on the cases when dimM = 4 and g is of Lorentz or neutral signature. First consider the case when g has Lorentz signature. For m ∈ M the Weyl tensor C(m) has been classified by Petrov [1] into its various (Petrov) types I, D, II, N, III and O with type O reserved for the case C(m) = 0. The Petrov type N may be considered, algebraically, the most degenerate "null" case (and physically, in the general theory of relativity, are sometimes interpreted as being associated with an idealised type of pure radiation field). The algebraic case here for "null-ness" stems from the following argument. Consider the following linear map
bcd F cd (the latter term being sometimes shortened to CF ) for F ∈ Λ m M [1, 4] . This will be referred to as the Weyl function at m (cf. the curvature function in [4] ) [It is noted here that f C is defined purely by C(m). However, if g(m) is given this map may be written in the equivalent form
] It turns out that, for this signature, the rank of (either of) these maps is, for C(m) = 0, an even integer.
In the Lorentz case, it is convenient to replace the Weyl tensor and map f C by an associated equivalent complex tensor and map, the latter being a linear map C 3 → C 3 and then to classify C according to the Jordan form (Segre type over C) of this latter map at each m ∈ M . The resulting possible types (bearing in mind the tracefree condition on C, the latter now assumed not zero at the chosen m) are the Segre types {111}, {1(11)}, {21}, {(21)} and {3} (and for which the latter two types have only zero eigenvalues) and which correspond to the types I, D, II, N and III, respectively, at m. The rank of f C then attains its least non-zero value (= 2) if and only if C(m) is of Petrov type N at m and then the range space, rgf C , of f C is spanned by a (Hodge) dual pair of simple, null bivectors at m (and hence they possess a common unique principal null direction at m).
Again suppose that dimM = 4 and that g is a metric of Lorentz signature on M and with Weyl tensor C. Suppose also that the (necessarily closed) subset of points of M at which the Weyl tensor C is of Petrov type O or N (equivalently the subset of points of M at which the rank of f C 2) has empty interior in the manifold topology on M . Then if g ′ is any metric on M of arbitrary signature and whose Weyl tensor C ′ equals C on M , g and g ′ are conformally related on M [4] . However if, for example and in the above notation, C is of Petrov type N at each point of M and C ′ = C on M , g and g ′ need not be conformally related (but g ′ is necessarily of Lorentz signature on M ) [4] . In fact, quite generally, if C ′ = C on M and if there exists m ∈ M such that C(m) = 0 (so that (M, g) is not conformally flat), it can easily be checked that g ′ also has Lorentz signature at m and hence, since M is connected and thus the signatures of g and g ′ are constant on M , g and g ′ necessarily have the same (Lorentz) signature (up to an overall sign; this will always be implicitly assumed in the definition of signature).
Before discussing the case of neutral signature, it is useful, for later comparison purposes, to make a few remarks. The second of these special cases can be shown to be equivalent to the situation when rankf C = 1 at m (and it is noted that this rank is impossible in the The first of the above special cases is equivalent to the situation when rgf C is 2-dimensional and is spanned by F ∈ + S m and G ∈ − S m (and it then follows that F and G are necessarily totally null). To see this suppose that rgf C is spanned by
If F, F and G, G are non-zero and of the same sign, one may choose two independent, simple, linear combinations, A and B, of F and G whose blades are mutually orthogonal and intersect only trivially, to span rgf C [12] and then one may write, at m
for α, β, γ ∈ R. It can be checked [12] that the identity C The range of f C thus contains totally null members F and G with the remainder being null and with the above mentioned common null direction as their principal null direction. It will be seen later that each of these two special cases can actually occur. One now has the following theorem. [12] . Now retain g as the "original" metric and raise and lower all indices using g (so that, e.g., 
Then G is a linear combination of these basis members and also satisfies (3.2). It follows that
for α, β ∈ R and α 2 + β 2 = 0. Now (3.2) with F = l ∧ n − L ∧ N implies that, at m, the 2-spaces l ∧ N and n ∧ L are invariant 2-spaces for g ′ with respect to g [12] . This invariance for l ∧ N gives
for µ, ν, ρ, σ ∈ R and where round brackets denote symmetrisation of the enclosed indices. Now consider (3.3). If α = 0 = β, contractions of (3.3) with l a l b , n a n b and 
where H is some function on M and with H and M chosen, as they can be, so that the associated Weyl tensor C is nowhere zero on M . This metric together with the metric g ′ on M obtained by replacing H in (3.6) by H ′ = H + ψ(u) + ρ(u)x + σ(u)y for appropriate functions ψ, ρ and σ and which is not conformally related to g have the same conformal tensor C on M . The range space, rgf C at m is in general 2-dimensional, being of the type described in the second of the special cases above. If one starts with H = f (u)e x+y in (3.6), the range space, rgf C at m is 1-dimensional, being of the type described in the first of the special cases above.
It is remarked here that the equality of the Weyl tensors C and C ′ for the metrics g and g ′ in the positive definite and Lorentz cases, as described above, certainly implies that g and g ′ have the same signature. As a consequence this must also be true in the case of neutral signature since this is the only other possible signature. This suggests a consistency check on theorem 1. To do this suppose that g and g ′ have the same Weyl tensor and that g has neutral signature. One proves that g ′ also has neutral signature. This is trivially true if g and g ′ are conformally related. Otherwise, the range of the map f C associated with g (and also with g ′ since C = C ′ ) is one of the special cases above and is hence either 1-dimensional and spanned by a g-totally null bivector of the form l ∧ N or 2-dimensional and spanned by g-totally null bivectors of the form l ∧ N and l ∧ L. In each of these cases g ′ satisfies (3.2) with F = l ∧ N and so, from the comments following (3.3), l ∧N is an invariant 2-space of g ′ with respect to g. From this information, one can, for each of these cases, easily write down an expression for g ′ in terms of g and a null basis containing l, N (and L). Hence (see after (3.4)), l and N are each g ′ -null and are g ′ -orthogonal. These relations are only possible if g ′ has neutral signature and the check is complete. It is also clear that, since M is connected and hence the signatures of g and g ′ are constant on M , the result that g and g ′ have the same signature relies only on their common Weyl tensor being non-zero at some m ∈ M , that is, on the pair (M, g) not being conformally flat (cf. the Lorentz case discussed earlier).
A curiosity arises from this analysis. In the above notation, let dimM = 4 and let g be a metric on M of arbitrary signature and with Weyl conformal tensor C. Let V be the subset of points of M on which the equation C [The first conclusion in theorem 2 fails if dimM 5 because for these cases it can be checked that one may always choose M and two metrics on M with the same (not identically zero) Weyl conformal tensors but whose signatures are different. This is, perhaps, most simply achieved by using a technique involving product manifolds [5] . One takes the metric product of two manifolds of dimensions n 1 4 and n 2 1 admitting metrics g and g ′ , respectively, of arbitrary signatures and which are Ricci flat and with g having a Weyl conformal tensor (which equals its curvature tensor Riem) which is nowhere zero. The (metric) product manifold is then Ricci flat with nowhere zero Weyl conformal tensor (and which equals its curvature tensor). Then by replacing g and/or g ′ by −g and/or −g ′ two different product metrics may be put on the product manifold which have the same nowhere zero Weyl tensor but different signatures.]
The Weyl Projective Tensor
Now suppose that dimM = n 3 with g a metric on M of arbitrary signature. The Weyl projective tensor W in ( 1) and (1.2) , one finds
with C ≡ 0 if n = 3. Here, Ricc, with componentsR ab ≡ R ab − R n g ab , denotes the trace-free Ricci tensor. [The tensor E differs from that sometimes used in general relativity theory by a factor 2 3 (see, e.g., [4, 7] )]. The tensors P and E satisfy the conditions P abcd = P bacd , 
The Weyl Projective Theorem
In this section the lack of a converse to the Weyl projective theorem will be established. Let M be a (smooth, connected, Hausdorff) manifold of dimension n 3 admitting metrics g and g ′ of arbitrary signature and associated Levi-Civita connections ∇ and ∇ ′ . It will be shown that one can always find examples of g and g ′ such that the associated Weyl projective tensors are equal but with ∇ and 
The global smooth vector field k ≡ ∂/∂t satisfies ∇k = 0 where ∇ is the LeviCivita connection for the metric g on M . Then Riem for g satisfies R a bcd k d = 0, from the Ricci identity, and so the only non-vanishing components of Riem in this coordinate system are (a subset of) R α βγδ with (α, β, γ, δ = 1, 2, . . . , n ′ ), these latter components being equal to the curvature components R α βγδ of the curvature tensor Riem associated with the Levi-Civita connection of h. Now let Λ p N denote the vector space of 2-forms at p ∈ N and consider the linear map (the curvature map in (N, h) 
It will be assumed that the rank of this map is maximum (= 1 2 n ′ (n ′ − 1)) at each p ∈ N . [Briefly, this can be achieved by choosing h to be of non-zero constant curvature or even some small perturbation of such a metric.] It is then easily checked that (M, g) satisfies lemma 1(ii) in [9] or lemma 1(part 2) in [10] . (This requires a suitable modification for arbitrary dimension and signature and is facilitated by noting that, in the notation of [9, 10] , the kernel of the analogous curvature map (M, g) consists of simple bivectors of the form k ∧ p for all p ∈ T m M and that the range of the curvature map is spanned by all simple bivectors whose blades are orthogonal to k.) It then follows from the general techniques of these references that any metric g ′ on M , projectively related to g, satisfies ∇ ′ = ∇ (see, for example the holonomy type R 10 or R 13 case of theorem 4 in [9] ). However, if r : I → R is a smooth positive function with nowhere-zero derivative on I, the metric g ′ obtained from g in (5.1) by replacing dt 2 by r(t)dt 2 does not have Levi-Civita connection ∇ and so is not projectively related to g but is easily checked to have the same tensor Riem and hence the same tensor Ricc and so it has the same Weyl projective tensor W as g. Since the signature of h was arbitrary this example shows that the converse of Weyl's projective theorem fails for M of any dimension n 3 and for g of any signature.
Another example (which only covers some of the possibilities for the dimension and signature mentioned but is of a different and less trivial nature) is as follows. It is first noted that if M 1 and M 2 are manifolds of dimensions n 1 1 and n 2 1, respectively, and g and g ′ are metrics of arbitrary signature on M 1 and h and h g ) is projectively related to (M 1 , g ′ ) and (M 2 , h) is projectively related to (M 2 , h ′ ). Now consider the metric (3.6) with the sign of the dy 2 changed so that it becomes of Lorentz signature, with the restriction u > 0 and with M and H chosen, as they can be, so that the metric represents a vacuum (that is, a Ricci-flat) plane wave in general relativity theory with nowhere vanishing tensor Riem. Now define another metric g ′ on M by g ′ = φg with φ = u −2 . Then g ′ is also a vacuum plane wave and has an identical Weyl conformal tensor to that of g (since they are conformally related). It follows from (1.1) that g and g ′ have identical curvature tensors and from (1.2) that they have identical Weyl projective tensors. However, since g and g ′ are conformally related with a conformal factor that is not constant on M they are not projectively related (see, e.g. [13] ). This counterexample applies to dimension 4 with Lorentz signature. If one now takes the above metrics g and g ′ on the manifold M 1 (= M above), chooses a manifold M 2 of arbitrary dimension n 2 1 admitting a Ricci-flat metric h and takes h = h ′ , the product metrics g ⊗ h and g ′ ⊗ h on M 1 × M 2 have the same Riemann tensors (since g and g ′ do), are each Ricci-flat and hence have the same Weyl projective tensors. But, by an above remark, they are not projectively related (since g and g ′ are not) and so give counterexamples of the type required for any dimension 5 and metric of any strictly indefinite signature (that is, any signature having at least one plus and one minus sign in its Sylvester canonical form).
